,*% Eco-Kci-Me-122 Trajectory perturbation forces02 04/08/2013-2021 Page 1/6

Trajectory equations under a central force with a perturbations force
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1 Orbital trajectory equations (no perturbations)
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The orbital trajectory under a central force j — —F 7 is fixed at each time ¢ by the vectors 17(1‘),17(1‘) .
r

With 7(¢), 7 (¢) one can derive the 5 fixed elliptical parameters: a,e, i, (2, plus the time dependent v ()

2
s& |t is fully known that the vis viva equation (orbital energy conservation) is — B = 2—“ . It gives the semi-
r a

major axis a (half the distance perigee-apogee).
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With the orbital angular momentum defined by the cross product C =7 x 17 along éw and
C? =p.a(l—e”) one gets the eccentricity e, the polar equation of the ellipse 7(1+e.cosv )=a(l1—e*)
and its radial derivative p.r.esinv = C ¥ -7.Hence cosv and sinv give the full determination of true

anomaly V with the Atan2() function.

The inclination angle i € [ 0,1/ and right ascension of the ascending node 2 are defined by the vector 6'

C-e, =Ccosi with i € [ 0,1/, the determination of i is complete simply with the function Acos()
C-e = Ccos(Q—%)sini
6‘ . é’y =Csin (Q —%)sin i Give the full determination of €2 with the Atan2() function (for sini = 0)

The perigee argument ® is given by the polar equation projected on the node line and then on the inertial

frame:

7-e. =rcos(®+v )cosQ)+ rsin(® +v )cosi cos (Q +%)

F-e, =rcos(®+v )sinQ + rsin(® +v Jeosi sin(Q +%)

7-e, =+rsin(® +v )sini

=7 éxCOSQ +7- éysinQ = I”COS(O) +Vv ) } Give the full determination of ® +V

— sin((n +v ) —7.e /sini with the Atan2() function (for sin i = 0)
z

s The mean anomaly is given for ¢ after tper the time crossing the perigee

M(t)= 1[%3 (t—t,,)= 1f%3 (u(t)—esinu(t)) where u is the eccentric anomaly (angle from

center O wrt perigee) given by tgvgt)) = 1+ etg ugt) coming from r = a(l—ecosu(t)).
—e
2 Orbital trajectory equations with perturbation force
With perturbation force F force per unit of mass i.e. F is acceleration 1'7'=62—V=%17+13
Iy
The summary of chapter 5 is shown first.
— 2 — =
C=ixV Ypxp p=C B d_j 5 g lype-l E_L[F é1vxixF)
dt 2 r dt 1) roodt
2 —_— — — — —
Vooe_-u da s 2asp s B _ L Goiofp
2 r 2a dt  u dt C
2 2 . L CrxF . -1 =
2=1-& @=C—2V-F—C rxk @=i[Fxc+Vx(?xF)-E
pa dt p'e pea dt e
C-2. = Coosi di _reos@+v) = &
dt c?
tg0) = C;ei @zrsm(co'ﬂz)é.ﬁ
-C-e, dt C?sini
d—m= ! [ﬁxé+l7x(Fxﬁ)]-éxE—cosid—Q
dt pCe? dt
dﬁzM(t)( )+ 1 2F~13+Cd—w+Ccosid—Q
dt U tper 4/ Ma dt dt
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3 Application: best command to increase the perigee, [R1]
d
rPer = a(l - e) ;1;” = (1 - e)a - aé

dar,, _ C.(Fxﬁ) (l—e)zazv_ﬁ

dt pe pe
To increase the perigee at best, the thrust shall be in the local horizontal plane (i.e. along
Cx7 in order to get é-(?xﬁ) maximum) and around apogee (i.e. ¥ maximum and V-F
minimum).
Note: this suggestion made to ESOC has been used in the frame of SMART-1 for many orbits
to escape as fast as possible the Van Allen belts (maximum perigee increase).

4 Application: best command to increase the apogee, [R1]

d
Voapo =a(l+e) %=(l+e)d+aé

drapo _ (1+e)2a2 \7[3_6 FxF
dt pe pe

To increase the apogee at best, the thrust shall be along velocity (i.e. V-F maximum) and

around perigee (i.e. V maximum and é-(?xﬁ) minimum).

5 Development of Gauss equations [R2], [R3], [R4]

Note: all derivative wrt an inertial frame, thus ¢, ¢ , e, arefixed vector=e¢, ¢ ,e. =0

dv

. _ - ~ des dF - d(re ) de .
17:_:_“]7+F nota:V:@:@:F: r :ﬂér+r—r:f§r+rér=f§r+r\f§x
a3 dt dt dt dt dt
with v the true anomaly
5 L = dC dF - . dV 5 = . —p. . = . - dC _ -
C=rxV —C=—r><V+r><—V=V><V+r><—Mr+r><F=0+0+r><F —=rxF
dt  dt dt -3 dt
2 f—
p=V M for elliptical orbits /=
2 r 2a
2 2 _ R _ ~ _ o
LA Uy ¥ VALY S SO S Y T
2 2 dr 3 3 3
dh - -
it % a
7.7) /2 _
and :=d”(rdtr) RN —:;7 7
2
(5 1w
Hence,@= : Ldr "'—V.F
dt 2 dt dt
U
a=—— 2
20 - -
d y dh : %= VF
R N .

dt  2n* dt  2h? L
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= 1l = F dE _1dV_ - 1. dC - 1|-p_ =| ~ 1
E=—7xC-L -2 ¢ —Vx—C—e ——|ZEryF xC+—Vx(rFxF)—e
1) r dt n dt 1) dt T u|,3 1)
1 r Iz = 5 - =
< L[FxCHVx(ixF)|- —3><(r><V)+e =L [Fx G T x(FxF )]0
t [
because 7 pxp)rs =tV Tl pis ot 5 Vg T v e -Te ~8 45 =0
r r r r ror rr r - ropr
dE_ 1z = = -
L LFxCaVx(FxF)|
I u
Useful memo
5x(5x5)=(*.5)”_(5.5)5 (the ABC is caB baC)
but (axb )xé=(a-¢)b—(c -5
(axb)xé=adx(bxé)+bx(éxa) (fromJacobiidentity)
(&xl;)- cxd =(5.E b c?)—(E-EXﬁ-g) (Binet-Cauchy identity)
2 N~ = e [ D\ (It transforms cross products into scalar products so, null in case of orthogonal)
[zd-( xb)xc=d-(( ¢) —(c-b)a)]
C= Ce,, with Euleranglesrotation f)R SR = d—QEZ +25N0de +d—wéw
¢ dt dt dt
d d =~ = dC. dQ _ di. dw _ ~ d dQ di _. -
C: CeW+QR/R xC:—CeW+C(—eZ+—leN0de+—Werxew— C +C—e,_ x +C—leN0de><ew
dt dt 0 dt dt dt dt dt dt dt
dC . d dC_ . - dc . - . - |dC _ - ,
—C-eW:—C —C:er —C:er-eW:rer-ew —C:res-F =l _CxF
dt dt dt dt dt rc
d—C-ENodesz—Qézxéw-éNode—Cd—Qsml Cd—QSini:réer'-éNode a“Q _ —rsm((;)+v)ﬁwﬁ,
dt dt dt dt dt Csini
because e, x€ =sin(m+v )e, é, =} CC
dC Q di  di _r_. - di r ~
—-e,, . xe, =C—=e_xé—e,  xe +C— —=—¢ xF-e, xé —=—|e, xé, . )xe  F
dt Node w dt z ew\é%ge w dt dt C 7 Node w dt C( w Node) 7
ﬂ:rcos((oﬂ/)éw_ﬁ,
dt C
E =ee,, with ¢,, theunit vector focus to perigee
dE de s +Q XE_@é +ed—Qé xe +eﬂé xe +e@é xée
dt dt per R/R, dt per dt z per d Node per dt w per
dE 5 _de_1[p G yuiixF)c. de_V[Ey¢yVx(ixF))E
dt "™ dt pn rer e
ﬁéwxé”—ed—ge X €0 EWXEer+e@=ed—gcosi+e@=i[ﬁxé+l7x(;7xﬁ)-waéer
dt r dt r dt dt dt ’
becausee, xé,,.-€,xé,, =(e,xé,, )xe ¢, =—€ x(é xe,, ) e, =—€.¢,¢e, €, +¢.e¢e, €, =€.86, =cosi
coszd—g+d—w ! FX6+I7X(7XF)'6XE
dt dt uce?
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La mécanique orbitale est une discipline étrange... La
premiére fois que vous la découvrez, vous ne
comprenez rien.. La deuxiéme fois, vous pensez que
vous comprenez, sauf un ou deux points... La troisiéme
fois, vous savez que vous ne comprenez plus rien, mais
d ce niveau vous étes tellement habitué que ¢a ne vous
dérange plus. attribué a Arnold Sommerfeld pour la
thermodynamique, vers 1940
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7 Annex: Other approaches for Gauss equations development: [R 3]

de:1[ﬁxé+l7x(7xﬁ')]-{ll7xé—r}= ! (#xé-Vqu'Jer(Fxﬁ') VxC)——(quq'-FJer(Fxﬁ)-F)
dt e u r| ple per
ﬁ'xé-?+l7x(}7xl3)-?=Fxﬁ'-é+?><l7-?xﬁ=2é-}7xﬁ'
de_C g Ve ixio2 i C s 2 (W_“jé.fxﬁz Crpy 2 (_“j@?xﬁ
dt  ple nle per nle plel 2 r nle nlel\ 2a
> S
@_%Vﬁ_c rxF
dt ple Lea
, C? , = = . C-C de dlE-E)” 1(= -vi2.= dE 1~ dE
=1 P-F.E-L de_ ——(E-E)"2E L2
ua ua dt dt 2 dt e dt
C-C . 4c
de " ua '2C'6j,f C.Cda -2C-(FxF) C* 24 - -2C-[FxF) 20 -
2e— = = +—F—= +— F = —V-F
dt dt ua ua” dt ua pa“ u pa 0
5 - -
@_C_ZVF_C rxF
dt pe pea
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—

C-&.=Ccosi in theinertial frame, . is the unit vector along z (fixed vector &, =0)

e. =sin(w+v)sinie. +cos(w+v)sinie, +cosie,

—>._’ —’.—’2 . _’
dc-e, :d—C-E zdc—tczcow —CSlnl%_2<C CrZC Ecosz —Csmlﬂ

dt dt ~ d r
C dC . dC _ cosi =

di ¢ g g% ¢ ©7% ac _ - )

a _ C dt d > __C . cosie, —e, Fx P

dt Csini C si dt  Csini

di q,.6€ +cos(o+v)sinie, . - . L

= . -¥xF, 1e.because the scalar triple producte -7 x F' =0

dt —Csini

di _—cos((o+v)ﬂ X - rcos(co+v)éw.ﬁ

dt C C

di :rcos(co+v)éw_ﬁ

dt C

6=CsianiniéY—Ccostinié +Ccosie, tgQ= C;ex dth 1 dQ and

' ’ -C-e dt  cos?Q dt

d C;ef dt = S L (C-eé.—C-ée )= . d—C -(cos Qe +sinQe, )
-C-e, C?cos*Qsin?i dt v 7 Ceos?Qsini dt

thgQ ! d—C ‘(cosQe, +sinQe )=

dt dt  Csini dt Csini
with &, =q.é +(~cos(o+v )sinQcosi—sin(® +v )cos Q)e, + sinQsinie,

FAF - (cosQe, +sinQe, )

and ¢ =g, + (+ cos(®+v )cosQcosi—sin(® +v )sin Q)és —cosQsinie,
q, =—sin(@+v)sin Qcos i+ cos(w +v)cos Q
q, =sin(w+v)cos Q2cos i +cos(w +v)sin Q

cosQe, +sinQe, =q,,.€, —sin(®+v )e ; the e,component is cancelled in the scalar triple product

d_Q —sm((;)+v)ﬁ i rsm((n+v)é P
dt Csini Csini
@zrsm(c?ﬂz)éw.ﬁ

dt Csini

8 Annex: Case of circular or/and equatorial orbits
TBC




